Mod l Galois representations of 1-and 2-dimensional abelian varieties with trivial endomorphism ring are surjective for sufficiently large prime l as Serre proved. But he did not give an effective lower bound of l 0 such that they are surjective for l > l 0 . We supply an effective evaluation of l 0 by an "elementary" proof of the surjectivity. The proof uses the Masser-Wüstholz theorem and Kleidman and Liebeck's classification of the maximal subgroups of GL 2 (F l ) and GSp 4 (F l ).
Introduction and main results
Let A be a principally polarized abelian variety of dimension n over an algebraic number field K. For a prime l let A l be the group of l-division points of A, which is a vector space of dimension 2n over F l . Let µ l be the group of l-th roots of unity in the algebraic closureK of K, and let ε l : G K := Gal(K/K) → F l * ∼ = Aut(µ l ) be the cyclotomic character. As A is principally polarized, the Weil pairing W : A l × A l → µ l , written additively, defines a symplectic form with 2n variables, satisfying W (σ(P ), σ(Q)) = ε l (σ)W (P, Q) for (P, Q) ∈ A l × A l and σ ∈ G K . Hence a Galois representation ρ l : G K → GSp 2n (F l ) is obtained, where GSp 2n (F l ) is the group of symplectic similitudes of dimension 2n with entries in F l .
Serre [11] proved that when n = 2, 6 or odd, and EndK(A) = Z, ρ l is surjective for sufficiently large l. The proof uses Faltings' theorem and standard theorems of algebraic groups. Though the result is general, it does not give an effective lower bound of l 0 such that ρ l is surjective for l > l 0 .
Masser and Wüstholz [5] give an effective estimate of l 0 when n = 1 using their isogeny estimates [4] . 
Main Theorem 2. Let A be a two-dimensional principally polarized abelian variety over an algebraic number field K of degree d with
EndK(A) = Z. If l > max(|D(K)|, C(2)[max{3840d, h(A)}] τ (2) ), then ρ l (G K ) = GSp 4 (F l ), where C(2) is a constant C(n) in
Enumeration of maximal subgroups of GSp
We enumerate maximal subgroups of GSp 4 (F l ) in this section. Classically, Mitchell determined the maximal subgroups of Sp 4 (F l ) whose orders are prime to l [9] , and then all the maximal subgroups of Sp 4 (F l ) [10] . But he gave only their orders and geometric properties, and did not give their structure.
More recently, Aschbacher [1] obtained the classification theorem of the maximal subgroups of the finite classical groups as follows. 
Kleidman and Liebeck [2, p. 57, Main Theorem] decided the structure of the members of C(G), their maximality conditions, and their overgroups in C(G) ∪ S(G).
By applying Theorem 1 and [2, Main Theorem] to GL 2 (F l ) and GSp 4 (F l ), we enumerate their maximal subgroups.
is conjugate to one of the following five subgroups.
( (
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δ 2 , and where δ 2 is the element expressed as diag(µ, µ, 1, 1 (3), (4), (5), (6) and (7).
Remark. Explicit realization of these subgroups in GSp
where O 2 is the 2 × 2 zero matrix and E 2 is the 2 × 2 identity matrix.
where a i , b i , c i and d i ∈ F l for i = 1 and 2 such that (a 1 + a 2 λ)(
where A and
where a and b in F l are chosen such that a 2 +b 2 = −1, and ⊗ denotes the Kronecker product.
Remark. The necessary properties of the subgroups are as follows. (5) and (6) satisfy (c), and (7) satisfies (d).
Proof of Main Theorems
Masser and Wüstholz [7, Theorem II] (see also the note at the end of [7] ) estimated the degree of an isogeny between abelian varieties over a number field effectively. Explicitly τ (n) = n 2 {λ(8n) + 3κ(2n)} by [8, Section 6 ] , where
Corollary. Suppose M as in Theorem 3. Then for any prime l not dividing M the natural map End
Let ζ l be a primitive l-th root of unity. If K ∩ Q(ζ l ) = Q, then ε l is surjective. The condition on l is given by the following Lemma.
Proof of Main Theorem 1. We prove that G l := ρ l (G K ) is not contained in any maximal subgroups of GL 2 (F l ) in Proposition 1.
As l > |D(K)|, ε l is surjective by Lemma, so that
The Borel subgroup stabilizes a one-dimensional subspace W of V 1 . If G l is contained in it, then there is a K-isogeny f : E/W → E/V 1 ∼ = E the degree of which is l. By Theorem 2 there is a K-isogeny g : E → E/W the degree of which, say d 0 , is at most C (1) 
[max{d, h(E)}]
κ (1) . 
